Let A and B be nonsingular M-matrices. Some new lower bounds on the minimum eigenvalue q(A • B -1 ) for the Hadamard product of A and B -1 are given. These bounds improve the corresponding results of Chen (Linear Algebra
Introduction
For a positive integer n, N denotes the set {, , . . . , n}. The set of all n × n complex matrices is denoted by C n×n , and R n×n denotes the set of all n × n real matrices throughout. The simple sign patten of the matrices in Z n has many striking consequences. Let A = (a ij ) ∈ Z n and suppose A = αI -P with α ∈ R and P ≥ . Then α -ρ(P) is an eigenvalue of A, every eigenvalue of A lies in the disc {z ∈ C : |z -α| ≤ ρ(P)}, and hence every eigenvalue λ of A satisfies Reλ ≥ α -ρ(P). In particular, a matrix A ∈ Z n is called an M-matrix if α ≥ ρ(P). If α > ρ(P), we call A nonsingular M-matrix, and denote the class of nonsingular M-matrices by M n . Let A = (a ij ) ∈ Z n , we denote min{Re(λ) : λ ∈ σ (A)} by q(A). The following simple facts are needed for our purpose in proving (see Problems  and  in Section . of []):
is the Perron eigenvalue of the nonnegative matrix A - , then
is a positive real eigenvalue of A. Let A be an irreducible nonsingular M-matrix. It is well known that there exists a positive vector u such that Au = q(A)u, u being called a right Perron eigenvector of A. http://www.journalofinequalitiesandapplications.com/content/2013/1/16 
improved the bound in (.) and obtained the following result:
In , Huang [] obtained the following result:
This bound in (.) improved the bound in (.) in some cases. For example, if 
Main results
In this section, we state and prove our main results. Firstly, we give some lemmas.
if λ is an eigenvalue of A, there is a pair (r, q) of positive integers with r
exists, and
Proof We give a simple proof of (a) which is different from that in [] . Similarly, one can prove (b). Firstly, we prove
which is a contradiction. Hence, |β ji | ≤ |β ii | holds for all pairs i, j. Thus
that is,
Proof If both A and B are irreducible. Let v = (v i ) and y = (y i ) be the right Perron eigenvectors of B T and A, respectively, i.e.,
It is easy to check that C is diagonally dominant by row. It follows from Lemma ., for all i = j, we have
Thus
Thus, by Lemma ., there exists a pair (i, j) of positive integers with
From the above inequality and 
Thus, from inequality (.), we have 
Thus, from inequality (.), we have
Remark . We next give a simple comparison between the upper bound in (.) and the upper bound in (.) and (.). Without loss of generality, for i = j, assume that
Thus, we can write (.) equivalently as
From (.), we have
Thus, from (.), (.) and the above inequality, we have
Hence, the bound in (.) is sharper than the bound in (.). According to Remark . in [], we know
So, the bound in (.) is sharper than the bound in (.). 
Theorem . Let
By the Perron-Frobenius theorem on irreducible nonnegative matrices, there is a positive
Thus, we can write (.) equivalently as
Set X = diag(x  , x  , . . . , x n ) and B = XB. It is easy to check that B is a strictly diagonally dominant matrix by column. Let
Combining (.) with (.), we get
Since B - B = I, we obtain
By the theorem of Gerschgorin and (.), there exist some positive integers i ∈ N such that
. http://www.journalofinequalitiesandapplications.com/content/2013/1/16
From the above inequality and
Thus, from inequality (.) and (.), we have
Assume that one of A and B is reducible. It is well known that a matrix in Z n is a non- 
